Multicomponent Equilibrium Theory for
lon-Exchange Columns Involving Reactions

The multicomponent equilibrium theory for ion-exchange columns
(chromatography) has been extended to systems accompanied by
reactions in either or both phases. Based on the concept of coherence

of concentration waves in the original theory, the proposed approach
includes a systematic way to determine the thermodynamic variance
and a general mathematical formulation to construct the composition
path grid by means of numerical techniques. With proper adjustments,
this approach can be applied as well to adsorption columns involving
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reactions. As a practical example, a comparison of predicted and
observed effluent histories for an anion-exchange system with dissocia-

tion-association reactions is shown.

introduction

Most practical ion-exchange operations for separation of
ionic components are carried out in columns (fixed beds). Theo-
ries for predicting column performance of ion exchange (as well
as adsorption), which is essentially a kind of chromatography,
have been developed for four decades. The early theories
(Wicke, 1939; Wilson, 1940; DeVault, 1943; Weiss, 1943;
Gliickauf, 1946) were based on the premise of local equilibrium
between the mobile and stationary phases. Later, refinements
have fallen into two categories. One of these emphasizes the col-
umn dynamics associated with kinetic and dispersive effects for
single-solute adsorption or binary ion exchange. The other, in
contrast, focuses on the chromatographic patterns pertinent to
interaction among species under the condition of local equilib-
rium in multicomponent systems. The latter, known as “multi-
component equilibrium theory,” has attracted much practical
interest since many applications involve multicomponent sys-
tems.

The multicomponent equilibrium theory was developed
around 1970 based on the concept of propagation of concentra-
tion “waves” (variations) in fixed beds. Klein, Tondeur, and
Vermeulen (Klein et al., 1967; Tondeur and Klein, 1967; Ton-
deur, 1970) established certain design procedures for ion-
exchange columns. Helfferich (1967, 1968) generalized the the-
ory by introducing the concept of “coherence” of concentration
waves for general sorption processes as well as a mathematical
tool, the “h-transform,” for ion exchange with constant separa-
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tion factors. With emphasis on ion exchange but including
adsorption, this theory was summarized in a comprehensive
monograph by Helfferich and Klein (1970). Independently,
Rhee et al. (1970) dealt with Langmuir-type adsorption using
an equivalent approach with discussion mainly of mathematics.
Recently, the theory has been experimentally tested by Clifford
and Weber (1978, 1982) for anion exchange and by Wang and
Huang (1983) for cation exchange. They confirmed the theoret-
ical predictions of the chromatographic patterns, except for sys-
tems accompanied by reactions.

Fixed-bed sorption processes involving reactions in the bulk
phases have been studied for 20 years (Magee, 1963; Kogifik,
1967; Collins and Deans, 1968; Deans et al., 1970; Bunge and
Radke, 1975; Schweich et al., 1978, 1980). However, discus-
sions of multicomponent systems are still quite limited. For ion
exchange, a few recent investigations discovered certain inter-
esting phenomena. Golden and coworkers (1974) studied ter-
nary cation exchange accompanied by complex formation in the
solution phase and found that selectivity reversals may be
enhanced by such reactions. Klein (1981) dealt with systems
with other types of reactions and presented certain important
concepts for their modeling. Helfferich and Bennett (1984a, b)
predicted theoretically and confirmed experimentally pH
excursions occurring in anion-exchange columns with buffers
undergoing dissociation-association reactions. These studies es-
tablished a conceptual basis for incorporation of reactions into
multicomponent equilibrium theory. However, the approaches
were restricted to simple systems and the mathematical formu-
lations were in case-by-case forms. Recently, Bryant and
coworkers (1986) developed a numerical simulation of an aque-
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ous solution flowing through a porous mineral medium. Al-
though they focused on precipitation-dissolution reactions
which differ in nature from common ionic reactions within one
phase, their mathematical formulation includes ion exchange
with reactions in the mobile phase. They did not consider any
reaction in the stationary phase since they recognized ion
exchange as chemisorption in which ions are bonded to the solid
surface, rather than free to diffuse and react with one another as
in the “pores” of common ion exchangers.

This paper proposes a systematic approach which leads to a
general, in contrast to case-by-case, mathematical formulation
for multicomponent ion exchange accompanied by reactions in
either or both phases. In this approach, numerical techniques
are used to handle the nonlinearity essentially stemming from
reaction equilibria. With appropriate adjustments, this ap-
proach is also applicable to adsorption columns involving
reactions (in addition to chemisorption). Application of this
expanded theory to anion exchange accompanied by dissocia-
tion-association reactions is in progress. For illustration, the
Appendix presents an example comparing predicted and ob-
served effluent histories for a chloride/carbonate buffer system
on a strong-base resin Amberlite IRA-400.

Theoretical Basis

The multicomponent equilibrium theory (Helfferich and
Klein, 1970) analyzes the development and propagation of con-
centration waves in a column with two basic concepts: wave
velocity and coherence, both derived from conservation of mate-
rials. These concepts, together with the equilibrium properties
of a particular system, lead to a grid of “composition paths,”
which are operation-independent and serve as a powerful tool
for predicting column performance. The theory will be briefly
reviewed here to introduce the basic concepts and notation.

Premises

The primary assumption of the equilibrium theory is, as its
name indicates, that local equilibrium between the mobile and
stationary phases is maintained at all times at an isothermal
condition throughout the column. In addition, axial! dispersion
resulting from both molecular diffusion and hydrodynamic mix-
ing is disregarded. For further simplification, a uniformly
packed column and a constant bulk-flow rate are assumed here;
these, however, can be relaxed without much difficulty.

Basic equations

Consider an n-component column and denote the concentra-
tions of species / in the mobile and stationary phases as ¢;and ¢;,
respectively. Selecting appropriate reference concentrations ¢
and ¢ or the two phases, respectively, one can define normalized
concentrations x; and y; as well as a parameter v as follows:

x=cfc p=5/c v=(1 - Je/(ec) 1)
where ¢ is the fractional void volume of the column. For ion
exchange, ¢ may be chosen as the total concentration (normali-
ty) of the solution; ¢, as the capacity (in terms of normality) of
the exchanger. Although normality is a more convenient unit of
¢; and ¢; for ion exchange without reactions, molarity is a better
choice for systems with reactions, and thus will be used hereaf-
ter.
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The governing equations consist of material balances and
equilibrium relations:

Material balances

(0x;/81), + ¥(dy; /1), + v°(9x,/02),=0 i=1,2,...,n (2)
Equilibria

Vi=fil(x, Xg .0 %) i=1,2,....n (3)

For ion exchange, the thermodynamic “variance” (Klein, 1981),
namely, the number of independent concentration variables at
equilibrium, is n — 1 instead of n since the n species are subject
to an electroneutrality constraint in each phase.

Wave velocity

The travel of a concentration wave can be observed by tracing
a constant concentration value within it. By this way, the “wave
velocity” of a specified concentration within a “diffuse wave”
(gradual variation) can be derived from the material balance
(Eq. 2) as:
vy = (9z/00) 4 = v°/[1 + ¥(9y;/0x,).] 4)
If the wave is a discontinuous “shock wave” (abrupt variation),
its velocity should be derived from an integral material balance.
The result is:
Vaw = (02/80) a0 = v°/[1 + ¥(Ay:/Ax)] &)
where A indicates the difference between the two sides of the
discontinuity.

Coherence

A wave in a multicomponent system can be viewed as a super-
position of single-component waves, one for each component.
“Coherence” (Helfferich, 1967, 1968; Helfferich and Klein,
1970) is an asymptotically stable state at which all single-com-
ponent waves travel jointly. Accordingly, in a coherent wave, all
existing components have the same wave velocity:

Vy=UV,;=0 O foralli

(6)

Uaxi = Uppr = Vs

Substitution of Egs. 4 and 5 in Egs. 6 results in the following
differential and integral coherence conditions, respectively:

(9y:/9x;): = Byi/9x;) = X foralli (M

Ay;/Ax; = A foralli 8)
Composition paths

Combination of the differential coherence condition (Eq. 7)
and a differential expression derived from the equilibrium rela-
tions (Eq. 3) leads to an eigenvalue problem as follows:

det. (F = M) =0 F = {ay,/ox,} )

Vol. 34, No. 10 AIChE Journal



where F is the Jacobian matrix associated with the equilibrium
relations (Eq. 3).

For a physically-plausible ion-exchange system of # counter-
ions subject to an electroneutrality constraint, Eq. 9 normally
results in n — 1 distinct real positive eigénvalues along with n —
1 eigenvectors. Each eigenvalue A indicates the retardation of
ion exchange in a coherent wave. The set of eigenvectors define
n — 1 directions at each particular point in the (n — 1)-dimen-
sional composition space, say, expressed by the mobile-phase
concentrations {x;}. Consequently, the eigenvectors of all points
in the composition space establish # — 1 families of composition
paths, along which a gradual variation is a coherent wave. The
grid of composition paths, dependent only on the equilibrium
properties, serve as a powerful tool for predicting column behav-
ior. In addition, the integral coherence condition (Eq. 8) pro-
vides a complementary formula for shock waves.

Composition route

Since a wave is a variation of composition, it can be mapped
onto the composition space. With reference to the direction of
wave propagation, the resulting “composition route” starts with
the upstream composition, traces the composition variation
within the wave, and ends with the downstream composition.
However, a special case arises for a shock wave, of which the
mapping results in only two points representing the upstream
and downstream compositions, respectively. For better visual-
ization, a fictitious straight route between the two composition
points may be employed. The composition route of a coherent
wave with gradual variation lies on a composition path. Thus,
the composition profile or history of such a wave can be easily
established if the grid of composition paths along with the asso-
ciated eigenvalues is available. For a coherent shock wave, how-
ever, the end points of its route in general lic on the same path
only if the latter is a straight line; otherwise, the former must be
predicted separately using the integral coherence condition.

Expansion of Theory
Approach

There are two primary tasks in the extension of multicompo-
nent equilibrium theory to systems with reactions. One is to
determine the variance of the system; the other, to deal with the
reaction terms in the material balances. For the variance, Klein
(1981) and Helfferich and Bennett (1984a, b) used an intuitive
knowledge of the independent equilibrium relations. This
knowledge, however, itself may be the real problem for a compli-
cated system. This paper proposes a systematic approach by
which one can determine the variance prior to listing all inde-
pendent equilibrium relations. For the reaction terms, Golden et
al. (1974) and Klein (1981) handled this problem by writing the
material balances with respect to certain conserved entities,
whose concentrations are linear combinations of those of actual
species. This study generalizes such an approach by identifying
the conserved entities as certain fundamental segments, called
“moieties,” of species in the system. In addition, a “reaction
matrix” devised previously (Hwang and Helfferich, 1987) is
used as a compact mathematical expression of the reactions in
each phase. An example in the Appendix illustrates this
approach.
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Classification of species

For ion exchange accompanied by reactions, the coupling
relationship among species can be divided according to their
importance to column performance into three classes: sorption
(ion exchange of counterions as well as sorption of coions and
neutral molecules), reactions, and electric coupling. Thus, the
species can be conveniently classified into three groups:

e Sorbable species include all counterions as well as those
coions or neutral molecules which are significantly sorbed by the
exchanger. This is the primary group with respect to the chro-
matographic phenomenon and is the only one whose members
are common to both phases.

® Reactive species include nonsorbable and fixed species
which are involved in reactions with sorbable species so that
their concentrations may vary during the sorption process. Spe-
cies which are involved in both sorption and reactions are
counted in the first group rather than this one.

e [nactive species are ionic species which are neither sorbable
nor reactive, but coupled with the other species by the electro-
neutrality requirement. This group includes nonreactive coions
which are essentially excluded from the exchanger and nonreac-
tive fixed ionic groups. These species are chromatographicaily
indistinguishable. Thus, all such coions will be treated as a
lumped species with its concentration measured in terms of nor-
mality; so will all such fixed groups.

The concentration of the inactive fixed group is a constant
during a column operation; that of the inactive coion may vary
only if the total concentration of the solution is changed at the
column entrance. Accordingly, the concentrations of the inac-
tive species are parameters rather than variables with respect to
the sorption-reaction process. As a matter of fact, a system with
reactions may contain no inactive species if all coions are either
sorbable or reactive and all fixed ionic groups are involved in
reactions. For convenience, sorbable species together with reac-
tive ones will hereafter be referred to as “active species.”

Systems

Consider an ion-exchange system containing n and 7 active
species in the solution and the exchanger, respectively. Among
these species, there are i sorbable species, n — 7 reactive ones in
the solution, and #n — # reactive ones in the exchanger. Also,
there are certain reactions whose number must be less than that
of the species and will be denoted by n — m for the solution
phase and n — m for the exchanger phase.

Moieties

For the solution phase, the n species can be viewed as consist-
ing of m conserved “moieties” which remain intact in then — m
reactions (Hwang and Helfferich, 1987). For example, species
CO;~, HCO;~, H,CO;, and H” can be considered as consisting
of moieties CO; and H in different proportions. For the
exchanger phase, similarly, there are m moieties. Suppose /2 of
these moieties constitute the 7 sorbable species and are common
to both phases; such moieties will hereafter be referred to as
“sorbable moieties.” Accordingly, there are m — 7 nonsorbable
moieties in the solution and » — 7 fixed ones in the exchanger.
Sorbable moieties are conserved in the entire system but not
conserved within each phase, whereas nonsorbable and fixed
moieties are conserved within each respective phase.
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Equilibria

For a system with reactions, the following two types of equi-
libria must be taken into account:

® Reaction equilibria within each phase: one for each reac-
tion. Obviously, there are n — m such equilibrium relations for
the solution phase and » — m relations for the exchanger
phase.

e Sorption equilibria between the two phases: ion-exchange
equilibria for counterions, and possibly, other sorption equilibria
for coions and neutral molecules.

For a simple system, one may be able to write all independent
sorption equilibria by intuition (Golden et al., 1974; Klein,
1981; Helfferich and Bennett, 1984a, b). For a complicated sys-
tem, however, it will be of great help if the number of indepen-
dent relations can be determined prior to listing those relations.

Variance

For the system of concern, the total number of concentration
variables of active species in both phases is n + #. At equilibri-
um, the reaction equilibria give n — m and 7 — m constraints for
the solution and the exchanger phases, respectively. Also, con-
servation of the nonsorbable and fixed moieties in each
respective phase provides m — /i1 and m — M reaction-coupling
constraints in the two phases, respectively. In addition, there is
an electroneutrality constraint for each phase. As a result, the
number of independent concentration variables in each phase is
m — 1, the same for both phases. This implies that, even though
one may be able to formally write as many as # sorption equilib-
rium relations, only /i — 1 of them are independent. Thus, the
variance of the system is 72 — 1, and the column behavior should
be mathematically described by /# — 1 sorption equilibrium
relations and 7z — 1 material balance equations.

The variance obtained above is based on the active species,
and thereby, corresponds to the composition variations resulting
intrinsically from the sorption-reaction process. For clarity, this
value will be referred to as “sorption variance” when necessary.
For a system with an inactive coion (lumped), however, the con-
centration of this coion may change if the total concentration of
the solution is changed at the column entrance. Such a change
will lead to a composition variation in which the concertrations
of the active species may also vary owing to the couphng by the
electroneutrality condition. Such a composition variation, not
counted in the sorption variance, corresponds to a zero eigen-
value A\ defined by Eq. 7. This wave travels at the bulk-flow
velocity without any retardation. Consequently, the “total vari-
ance” of such a system is /.

Mathematical formulation

For the ion-exchange system under consideration, the follow-
ing notation of indices will be employed: i = 1, 2, . . ., 7 for sorb-
able species, i = i + 1, ..., n for nonsorbable reactive species,
i=h+1,...,n for fixed reactive species, and i = 0 for the
lumped inactive species if it exists, in each phase; also, k = 1, 2,

., 7 for sorbable moieties, k =/ + 1, ..., m for nonsorbable
moieties, and k = m + 1, ..., m for fixed moieties; moreover,
2=m +1, ..., nfor reactions in the solution and £ = m + 1,

., 1 for those in the exchanger.

Reaction matrices

Consider the solution phase and denote species i and moiety k
as A; and S, respectively. The species and the reactions can be
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expressed by linear combinations as follows:

A= uS) i=-1,2,...,n (10)
k-t

D ud)=0 L=m+1,m+2,...,n

i=1

(11)

where the {u,} are “reaction-coupling factors” and the {v,} are
stoichiometric coefficients. In many studies of chemical reac-
tions (e.g., Aris, 1965), species (compounds) are regarded as
composed of elements and are expressed by a set of equations
similar to Eqs. 10 with each coefficient representing the number
of atoms of an element in a species. However, such a coefficient
matrix usually has a rank smaller than the total number of ele-
ments since some elements are coupled (e.g., C and O in a car-
bonate system). This means there are some redundant equa-
tions, which can be eliminated by an algebraic manipulation. In
terms of moieties, Eqs. 10 are equivalent to the result of such a
manipulation, and the matrix {u,;} has a rank m, equal to the
total number of moieties. Note that a u,;; may become a negative
integer for compensation in some cases (see the example in the
Appendix). Combination of the two integer matrices {u,;} and
{ve;} yields an n-by-n “reaction matrix” (Hwang and Helfferich,
1987) which gives a compact representation of the reactions in
the solution. Similarly, the reactions in the exchanger can be
expressed by an #-by-7n reaction matrix composed of two integer
matrices {z;;} and {7, }.

Equations in terms of species

The basic equations of the equilibrium theory are material
balances and equilibrium relations. For ion exchange with reac-
tions, the former consists of differential material balances with
reaction terms and reaction couplings derived from conservation
of the moieties; the latter, of sorption equilibria (for counterions,
and possibly, coions and neutral molecules), reaction equilibria,
and electroneutrality constraints. These equations are:

Differential material balances:

Sorbable o =
species (8x;/01) + ¥(dy;/dt) + v°(dx,/9z) = R; + YR,
i=12,...,8 (12)
Nonsorbable
reactive (8x;/d1) + v°(8x,/8z) = R,
i=a+1,...,n (13)
Fixed = .. -
reactive (8y;/dt) = R, i=n+1,...,0n (14)
Reaction couplings:
Solution Y_ puR; =0 k=1,2,...,m (15)
i=1
Exchanger ) muR =0 k=1,2,....m (16)
ful
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Sorption equilibria:

g]({yl}) =f}({xx}) j= 112!“'aﬁ (17)
Reaction equilibria:
Solution IIx*=K, 2=m+1,...,n (18)
i=1
Exchanger II)"-K, ¢=m+1,....% (19)
i=1
Electroneutrality constraints:
Solution Z ZX; + wxg =0 (20)
i=]
Exchanger Z Zy;+ @y =0 2D

i=1

In the above equations, R; and R; are normalized reaction terms
(by ¢ and ¢, respectively); K, and K, are normalized reaction
equilibrium constants in terms of normalized concentrations; z;
and z; are valences of species; w is the charge sign (+1 or —1) of
coions and fixed ionic groups. The sorption equilibria (Eq. 17)
are written in a form more general and more convenient for ion
exchange than Eqgs. 3. The parameters x, and y, take a zero
value if there is no inactive species in the corresponding phase.
The proposed approach is to rewrite the equations in terms of
the sorbable moieties, and thereby eliminate the reaction terms
since moieties are conserved with respect to the reactions.
Because moiety concentrations are indirectly subject to the elec-
troneutrality, only /s — 1 of the /1 sorbable moieties are inde-
pendent. In accordance with the variance, these 1 — 1 indepen-
dent concentration variables will be chosen to write /1 — 1 dif-
ferential material balances and 7z — 1 sorption equilibria.

Equations in terms of sorbable moieties

Let s, and g, denote the normalized concentrations (by ¢ and
¢, respectively) of the sorbable moiety k in the solution and the
exchanger, respectively. These concentrations can be related to
the species concentrations as follows:

Sk= D HXi Q=2 By k=12....,m (22)

iml i=1

Choosing /1 — 1 independent sorbable moieties with indices
k=1,2,..., /M~ 1, multiplying each species material balance
in Egs. 12, 13, and 14 by u,; or ;, then summing over all species
for each phase, one eliminates the reaction terms and obtains the
following equations:

(85, 0t) + ¥(9q,/ 1) + v°(ds,/9z) = O
k=1,2,....m—-1 (23)

The species concentrations {x;} and {y;} can be in principle
expressed in terms of the sets of independent sorbable-moiety
concentrations {5} and {g,}, respectively. Thus, one can rewrite
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the sorption equilibria (Eq. 17) as follows:

gh[)’l({‘Ik}),h({‘Ik}), - ,,Va({qk})]
= flxiseh), x(seh, - - -, x(sh]

h=1,2,....m—1 (24)

Wave velocity

Except for different concentration variables, Eq. 23 is for-
mally identical to Eq. 2 and, in a more general form, Eq. 24 is
equivalent to Eq. 3. Consequently, an expression of wave veloc-
ity formally identical to Eq. 4 can be derived from Egs. 23 and
24:

o = (32/00) = v°/[1 + ¥(94/5,).] (25)

This expression means that one observes the concentration

waves by tracing the sorbable moieties instead of the species.

Similarly, if the wave is a shock wave, its velocity can be related
to moiety concentrations as follows:

Uage = (82/0) s = v°/[1 + ¥(Aqi/Bs1)) (26)

In practice, it is usually easier to measure the moiety concentra-

tions (e.g., total CO; in a system with CO;~, HCO,™, and
H,CO,) since they are not coupled by reactions.

Coherence

In terms of the concentration waves of the sorbable moieties,
the coherence criterion says that, in a coherent wave, all individ-
ual waves of the sorbable-moiety concentrations travel jointly.
This statement leads to the following differential and integral
coherence conditions, respectively:

(394/05.), = (Oqy/dse), =N forallk =1,2,...,/ (27)

AgifAsy = A forallk=1,2,...,/m (28)
The differential condition (Eq. 27) provides the basis for con-
structing the composition path grid as will be described in the
following paragraphs. With the same calculation for the conver-
sion between species and moiety concentrations, the integral
condition (Eq. 28) supplies a complementary tool to predict the
behavior of coherent shock waves, which are in general not
guided by the composition paths.

Eigenvalue problem at coherence

The differential coherence condition (Eq. 27) together with
the sorption equilibria (Eq. 24) results in an eigenvalue problem
as follows:

det. (G — N\I) =0 G = {3q,/ds:} (29)
where G is the Jacobian matrix of order /&2 — 1 by /iz — 1 asso-
ciated with the sorption equilibria (Eq. 24).

Referring to the composition space expressed by the solution-
phase concentrations {s}, the following procedures are proposed
to obtain the eigenvalues and the eigenvectors for a particular
composition point:

1. Select a physically accessible point {s;} in the composition
space—to be discussed later.
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2. Convert {s;} (4 — 1 elements) to {x;} (n elements).

3. Select M — 1 independent sorption equilibrium relations
among 7 possible ones of Eqs. 17 and rearrange the indices to
constitute Eqs. 24.

4., Calculate 7z — | elements of {y;} (7 elements) from the
sorption equilibria.

5. Calculate the other elements of {y;} and then convert {y,}
to {g.} (1 — | elements).

6. Establish the Jacobian matrix G in the eigenvalue problem
(Eq. 29) from {s;} and {g,} obtained above.

7. Solve the eigenvalue problem, possibly using an available
package of computer programs.

Convenient formulas for use in the various steps are discussed
later.

Physically accessible composition region

In terms of {s,}, the physically accessible region in the (7 —
1)-dimensional composition space is bounded by 7z hypersur-
faces (of 7 — 2 dimensions) specified by the equations s, = 0
with k = 1,2, ..., /. Since s; is not selected as a concentration
coordinate, the equation s; = 0 is an implicit one. Unfortunate-
ly, an explicit form of this equation in terms of the concentration
coordinates {5, with k = 1,2, ..., i — 11is in general unavail-

(Z (ks X;) = 5x

i=1,2,...,n %

Z (g ;) = 1y

‘ 1

In the above equations, the electroneutrality condition (Eq. 20)
has been rearranged so that the coefficients —wz; of counterions
(main species) take positive values. The reaction equilibrium
expression (Eq. 18) has also been rearranged to avoid zero val-
ues (for vanishing species) occurring in the denominator. In the
rearranged form, the superscript P indicates the multiplication

(
Z Bay:) = @

2 Gy =P

1620
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Z (—9z;3) = Yo
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able. Thus, after prescribing a point {s,} (certainly, nonnegative
in all A2 — 1 elements), one has to check the following criterion
of physical accessibility: the corresponding {x;} (see next para-
graph) must be nonnegative in all » elements and lead to a non-
negative s, calculated using the first one of Eqs. 22. A physi-
cally accessible {s,} should lead to a physically accessible {g,}
provided that all sorption equilibrium relations are physically
plausible.

Conversion between species and moiety concentrations
The equations relating species and moiety concentrations in

-each phase consist of the reaction couplings (conservation of

moieties), the reaction equilibria, and the electroneutrality con-
straint. Since the normalized concentrations of both nonsorba-
ble and fixed moieties are parameters rather than variables,
symbols different from those for sorbable moieties will be
employed: {r,} and {7} for the nonsorbable and the fixed moi-
eties, respectively. These concentrations can be related to the
species concentrations in the same way as Eqs. 22 except for k
greater than /.

For the solution phase, the n elements of {x;} can be obtained
by solving the following n simultaneous equations, provided that
the /i — 1 elements of {s,} are given:

(30)

14 R
I - I @™ =0 8=m+1,....n

over all products, with positive »y; the superscript R, over all
reactants, with negative v,;.

For the exchanger phase, the /i — 1 independent sorption
equilibria result in A — 1 elements of {y;} while leaving the
other 7 — /i + 1 elements unknown. These unknowns can be
obtained by solving the last three (n — 2 + 1 equations) of the
following set similar to Egs. 30:

@31

P R
kHU%—EgOﬂFOQ=ﬁ+kHJ
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Then, the i1 — 1 elements of {g;} can be calculated using the
first one (/7 — 1 equations) of the above equation set.

Jacobian matrix of sorption equilibria

The Jacobian matrix G, defined in Eq. 29 and associated with
the sorption equilibria (Eq. 24), can be established by solving
the following matrix equation:

EG-D {32)

where

2 [un(0x:/35)] = b

> [—wzddx,/35)] = 0

Z [ai(0x,/95:)] = 0

P

=

P
Viix;ﬁ_l LI;[ (x;“)} (8x,/ ask)'

R

+2

#1

where §,, is the Kronecker delta which takes the value 1 if 5 = k
and the value 0 otherwise. The above equations are linear with
respect to {axi/ask}, which therefore can be evaluated easily
once the values of {x;} have been obtained from Egs. 30. By a
similar way, the derivatives {3y,/9g,} can be calculated.

Composition paths

As in the multicomponent equilibrium theory for systems
without reactions, one can construct a composition path grid by
selecting some composition points and linking the resulting
eigenvectors of the same families. Owing to the nonlinearity of
the reaction equilibria, this construction in general calls for
numerical techniques even for systems with the simplest sorp-
tion equilibria such as ion-exchange equilibria with constant
separation factors. For instance, numerical approximation tech-
niques were employed in previous studies for bivariant systems
(Golden et al., 1974; Helfferich and Bennett, 1984b). Such
approximations are essentially numerical integration methods,
similar to those for solving ordinary differential equations.
These techniques can in principle be extended to systems with
higher variances, but computation procedures may become too
complicated to be of practical interest. Moreover, even if a non-
linear grid in more than two dimensions can be constructed,
using it to predict column performance may be difficult if an
appropriate orthogonalization of the grid is unavailable. For sys-
tems with reactions, unfortunately, one can hardly anticipate an
orthogonalization as simple as the h-transformation (Helfferich,
1967, 1968; Helfferich and Klein, 1970) used for systems with-
out reactions. Practical techniques to overcome this problem are’
still under development. Fortunately, some practically impor-
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D= {aﬁ:/ask}(m-n)x(m_l)
= {813/ 8%; Y 1yxnd0%:/ 88 dain-1y
E = {02,/3qi}e-1yx (-1

= {agh/a}ﬂ' }(m—l)xn{a,"1/a‘lk}ﬁx(m_‘1) (33)

The partial derivatives {3f,/dx;} and {3g,/dy,} can be evaluated
by direct differentiation of the respective function in the sorp-
tion equilibrium relations (Eq. 24). The derivatives {dx;/3s,} can

be obtained by solving the following equations, which are
derived by differentiating Eqs. 30:

(34)

R
Kppxi™™! [,H (x,-_'“)] (ax,-/as,,)] =0 R=m+1,...,n

tant applications, such as “frontal analysis,” for a high-variant
system can be handled with a sequence of bivariant subsystems
(Helfferich and Klein, 1970), whose composition path grids can
be constructed by the proposed approach. This is because, for
such a situation, only a bivariant subsystem consisting of part of
the species is involved in each coherent wave.

Numerical techniques

To construct the composition paths for a system with reac-
tions, one in general needs numerical techniques for both solving
the eigenvalue problem at each selected composition point and
establishing the path grid from the resulting eigenvectors.

For obtaining the eigenvalues and eigenvectors, numerical
methods are called for to solve the nonlinear equation sets (Eqs.
30 and 31), the linear equation sets (Eqgs. 34 and 32), and the
eigenvalue problem (Eq. 29). All of these computation tasks can
be carried out by conventional methods (e.g., Carnahan et al.,,
1969). More conveniently, an available package of computer
programs, such as the IMSL package (IMSL Inc., 1980), can be
used.

For constructing the path grid, a numerical integration tech-
nique is needed. For example, a point-by-point approximation
was used previously (Helfferich and Bennett, 1984b) for a
bivariant system. In this method, a starting point is chosen on an
edge of the physically accessible composition region and the
eigenvalues and eigenvectors at this point are calculated. Then,
a second point is located by advancing a small distance along one
of the eigenvectors. Following one family of the eigenvectors at a
time, one can establish an approximated composition path at a
time by repeating the above two steps until reaching another
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edge. Thus, with several starting points, one can construct a
composition path grid by repeating these procedures. Some sys-
tems, however, may call for special manipulation as will be dis-
cussed later.

For demonstration, a grid of composition paths calculated
with these numerical techniques is presented in the Appendix
for a bivariant system of anion exchange accompanied by disso-
ciation-association reactions in both solution and exchanger
phases. Such a composition path grid along with the integral
coherence condition (Eq. 28) gave a satisfactory prediction of
the column performance in a column experiment.

Discussion

The proposed approach is formulated in a general aspect.
Specific applications of this general formulation are beyond the
scope of this paper. However, certain facets of the applications
in general are to be discussed here.

Data required

The data required for constructing a grid of composition
paths are:

¢ Reference concentrations for both phases (¢ and ¢).

e Number of species in solution (n), that in exchanger (n),
and number of sorbable species ().

e Number of moieties in solution (), that in exchanger (),
and number of sorbable moieties (/#2)-—these values are deter-
mined from number of reactions in each phase.

o Valences of species in both phases ({z;} and {z,}).

e Charge sign of coions and fixed ionic groups (w) and nor-
malized concentrations of the lumped inactive species (x, and
Yo)-

® Reaction matrices of both phases ({uy), ul, ik, and
il

e Normalized concentrations of nonsorbable and fixed moi-
eties ({r,} and {F.]).

o Normalized equilibrium constants of reactions in both
phases ({K,} and {K}).

e Functional forms of sorption equilibrium relations ({f;}
and {g.}) in terms of normalized concentrations along with asso-
ciated parameters.

For predicting the column performance using the composition
paths, additional data needed are:

o Initial composition in the column, as a function of location
if not uniform.

e Feed composition at the column entrance, as a function of
time if not constant.

e Fractional void volume of the column (¢) and bulk-flow
velocity of the solution in the column (v°).

Activity coefficients in exchanger phase

The equilibrium constants of reactions used in the mathemat-
ical formulation are based on concentrations (molarities), rather
than on activities, of the species. Although these parameters are
not strictly constant, assuming them as constants is usually a
good approximation since the concentration ranges of many
applications are quite narrow. In the exchanger phase, however,
such a constant may deviate significantly from the true reaction
constant based on activities (the true constants for the two
phases are the same if based on the same standard states).
Owing to the chemical and electric properties of the exchanger
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matrix as well as high concentration and ionic strength, the
activity coefficients of the species in the exchanger may be far
from unity, and thereby, have to be either determined experi-
mentally or estimated theoretically. For the purpose of calcu-
lating reaction constants, however, one needs only the quotients
of activity coefficients as correction factors, rather than the indi-
vidual activity coefficients of all species.

In principle, the activity coefficients are also involved in the
sorption equilibria (for ion exchange of counterions as well as
sorption of coions and neutral molecules). These values must be
consistent between reaction and sorption equilibria. According-
ly, sorption equilibrium relations in addition to the 2 — 1 inde-
pendent ones, if available, may be used to determine experimen-
tally some of the correction factors for the reaction constants.
For a simple system in which each sorbable moiety is involved in
only one reaction, this procedure may give all of these correction
factors. In general, however, one may not be able to determine
all of them because the concentrations of some species, for
example, CO,~, HCO,™, and H,CQ,, cannot be measured indi-
vidually. Thus, one normally has to estimate some of these
correction factors based on thermodynamic consideration and
reasonable postulates or by best fit to the result of a column
experiment.

As a first approximation, one may assume that the matrix of
the exchanger has no effect on the behavior of mobile species
with respect to the reaction equilibria and the effects of concen-
tration and ionic strength in both phases are the same. With
these assumptions, the reaction constant in the intraparticle
“pores” of the exchanger (i.e., excluding the matrix) is identical
to that in the external solution. In other words, the reaction con-
stant based on molalities rather than molarities, that is, based on
solvent content rather than bulk volume, has the same value for
both phases ( Helfferich and Bennett, 1984a). For this ideal situ-
ation, no activity coefficients for the exchanger phase are
required for correcting the reaction constants; the only correc-
tion factor needed is the fractional pore volume or solvent con-
tent of the exchanger.

Anomalies of composition paths

For a nonreacting system with constant separation factors,
the selectivity sequence of the species is fixed throughout the
entire composition space (physically accessible). Also, the
eigenvalues vary monotonically along each composition path
and in a parallel trend along all paths of the same family. For a
system with variable separation factors, Tondeur (1970) showed
that the selectivity order of two species may be reversed across a
certain hypersurface in the composition space. In such a situa-
tion, the eigenvalues vary monotonically along each path but in
opposite trends along same-family paths on the two sides of the
dividing hypersurface. In addition to such selectivity reversals,
another type of anomaly may happen in systems with reactions.
As Golden et al. (1974) showed in their system with complex
formation in the solution phase, local extrema of an eigenvalue
may occur along a composition path so that a coherent wave
associated with such a path may be “composite,” that is, com-
posed of both self-sharpening and nonsharpening portions. Both
anomalies, if existing, have profound consequences for column
behavior and should be marked in the composition path grid.

The selectivity (or affinity) for systems with reactions are
more conveniently stated with respect to moieties. Analogous to
the treatments of Tondeur (1970), and Helfferich and Klein
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(1970), the hypersurface across which the affinities of moieties
h and k are reversed can be specified by the following equation
together with the sorption equilibrium relations:

Du/ Sk = Qu/ Sk (35)
Such a selectivity reversal exists if the solution of these equa-
tions falls into the physically accessible region of the composi-
tion space.

For extrema of the eigenvalue along a composition path, one
can mark the loci of such extrema during the point-by-point
numerical computation of the path grid. Since the eigenvalue of
each point is evaluated when constructing a path, variation of
the eigenvalue along the path can be examined concurrently and
local extrema, if any, can be identified (e.g., see Appendix).
Such loci of extrema in principle form one or more hypersur-
faces in the composition space.

Conclusions

A generalized approach is proposed to expand the muiticom-
ponent equilibrium theory (Helfferich and Klein, 1970) for ion-
exchange columns to systems accompanied by reactions in
either or both phases. Based on the concept of coherence of con-
centration waves in the original theory, this approach constructs
the composition path grid of a system in a more general way
than proposed by earlier studies (Golden et al., 1974; Klein,
1981; Helfferich and Bennett, 1984a,b), which were restricted
to simple systems.

The improvement is in two facets. First, a systematic way has
been formulated to determine the thermodynamic variance of a
system prior to listing all independent equilibrium relations,
which often cause confusion if the system is complicated. Sec-
ond, a general, in contrast to case-by-case, mathematical formu-
lation has been established to construct a composition path grid
by means of numerical techniques. In this formulation, the con-
cept of conserved moieties of species is used to eliminate the
reaction terms in the material balances. Also, a reaction matrix
devised previously (Hwang and Helfferich, 1987) is employed
as a compact representation of the reactions in each phase. With
proper adjustments, the proposed approach is also applicable to
adsorption columns involving reactions in the bulk phases.

Certain limitations of this theory in its present form should be
noticed. First, the numerical techniques for construction and
utilization of composition path grids have so far been limited to
bivariant systems (with two-dimensional grids). However, some
important applications for a high-variant system can be handled
with a sequence of two-dimensional grids for its bivariant sub-
systems, as mentioned earlier. Second, the theory calls for
adjustments if a third phase such as gas or precipitate (Klein,
1986) is generated in the column. In such a situation, the wave
velocity is affected by the variation of the volume fraction of the
liquid and by the velocity of the third phase, which may be stag-
nant or move slower than the bulk liquid velocity.
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Appendix

For illustration of the proposed approach, a bivariant system
of anion exchange with dissociation-association reactions is pre-
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sented here as an example. This example system consists of a
strong-base anion exchanger, Amberlite IRA-400, and a sodium
chloride/carbonate buffer solution. For simplicity, lump dis-
solved CO, and H,CO, into a single species H,CO, and assume
no gas bubbles in the column. Also, assume that sorption of the
coions Na* and H* and of the neutral molecules H,CO, is negli-
gible compared with ion exchange of counterions. The species in
this example system are listed in Table A1 with classification
and indices. For both phases, the dissociation-association reac-
tions, the moieties, and the reaction matrices defined accord-
ingly are also listed in Table Al. Note that, even though
involved in a reaction, the solvent water is not considered as a
species since its concentration is essentially constant. For consis-
tency (keeping that the sum of the numbers of moieties and of
reactions equals the number of species), OH is not counted as a
moiety and OH ™~ is assigned a negative reaction-coupling factor
with respect to the moiety H since OH™ consumes, rather than
yields, one H in the neutralization (reverse of the ionization of
water). Similar arrangements may also be needed for other situ-
ations, for instance, systems with precipitates which are not
counted as species.

Variance

Since there are three sorbable moieties (72 = 3), the sorption
variance is two. This implies that, in normal situations, there
will be two coherent “ion-exchange waves” (variations resulting
from ion exchange) in the column, where the only type of sorp-
tion is ion exchange. In addition, since there is an inactive coion
Na™ in the solution, the total variance is three. This means that,
if one changes the sodium concentration by changing the total
solution concentration at the column entrance, there will be a

Table A1. Species, Reactions, Moieties, and Reaction
Matrices of Example Anion-Exchange System

Classification Indices of Species Number
Sorbable (1)Ce~, (2)CO;, (3)HCO;, hr=4
(4)OH"
Reactive {Nonsorbable {(5)H,CO,, (6)H "= 6
Fixed none n=4
Nonsorbable (0)Na*

Inactive {Fixe d

Solution Phase

(0)[quarternary amine}*

Species C¢~ CO; HCO; OH- H,CO, H*

Moiety/Reaction k/gi 1 2 3 4 5 6
Ce 1 1 0 0 0 0 o0
CO;, 2 0 1 1 0 1 0
H 3 0 0 I -1 2 1
H,0—H"* + OH" 4 0 0 0 i 0 1
H,CO; == HCO; + H* 5 0 0 1 o -1 1
HCOj == CO;5 + H* 6 0 1 -1 0 0 1
Exchanger Phase
Species C2~ CO; HCO; OH-
Moiety/Reaction k/i 1 2 3 4
(814 1 1 0 0 0
CO, 2 0 1 1 0
H 3 0 0 1 -1
HCO; + OH- =CO; + H,O 4 0 1 1 -1
Vol. 34, No. 18 1623



“salinity wave” (Helfferich and Bennett, 1984a,b) traveling
without any retardation by ion exchange.

Ion-exchange equilibria

For this bivariant system, one should write two independent
ion-exchange equilibrium relations. Assuming constant separa-
tion factors for the pairs of the three monovalent counterions,
C2~, HCO;~, and OH ™, one has:

XY/ X Y3 = aus Xa)1 /X1 s = s (A1)

To fit into the form of Egs. 24, these relations can be rearranged
as follows:

gl({yi}) = 01/y; = X[ x; =f1({x:})

(A2)
gz({)’i}) = V1/Vs = anaxy /x4 =f2({xi})

Eigenvalue problem at coherence

Among the three sorbable moieties C2, CO;, and H (H is
sorbable although H* is a nonsorbable species), choose the first
two as independent ones. Then, one can write the eigenvalue
problem (Eq. 29) specifically for this system as follows:

8g:/8s, — X 08q,/ds;

=0 (A3)
8q,/9s, 9q,/8s, —

To formulate the Jacobian matrix, {9¢;/d5,l2«», One can use Eqgs.
32 and 33, where the two matrices associated with the ion-
exchange equilibria (Eq. A2) can be written as:

-aa/x3 0 —anx, /x5 0 0 0
{af;./axi}m= 1 N
{0‘14/"4 0 0 —apx/xy 0 0
(A4)
/ys 0 —yp/yt 0
{3gh/a)’i}zx4 = ) (AS)
_1/}’4 0 0 ~Y1/Va

To relate the concentrations of the species to those of the two
independent sorbable moieties, one can use Egs. 30, 31 and 34,
and an exchanger-phase form of Egs. 34.

Composition path grid

For demonstration of the composition path grid, consider a
column operated at temperature 25°C with an exchanger of
capacity 1.97 meq/mL in contact with a buffer solution of con-
stant Na* concentration 0.05 meq/mL. The two concentrations
were chosen as the references (¢ and ¢) for the two phases,
respectively. With the assumption of unit activity coefficients in
the solution phase, the ionization constant of H,O and the disso-
ciation constants of H,CO; and HCO,~ at 25°C were obtained
from handbooks. Also, with the same assumption imposed on
the intraexchanger pores, the reaction constant in the exchanger
phase was calculated (see Helfferich and Bennett, 1984a) with
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the above solution-phase constants and the fractional water con-
tent in the exchanger (0.6 was used). These constants were then
normalized; the values are listed below:

Solution:
K,=40x107? K;=92x10"° K,-8.8x107"
Exchanger:
K, =14 x 10

The values of separation factors employed are experimental val-
ues for C2™ to HCQO;~ (Helfferich and Bennett, 1984a) and for
CR to OH™ (Kunin and Vassiliou, 1964):

Q3 = 2.00 Ay = 7.39

With these data, a grid of composition paths was constructed by
the proposed numerical techniques, Figure Al. The paths asso-
ciated with the greater eigenvalue A, (and thus smaller wave
velocity) are called “slow paths”; those associated with the
smaller eigenvalue \,, called “fast paths.” On each composition
path, the direction in which the associated eigenvalue increases
is indicated by an arrow. Local maxima and minima of eigen-
values as well as watershed points are also marked in the path
grid.

Column experiment

For test of the composition path grid and demonstration of its
usage, a simple column experiment was carried out with an
anion-exchanger bed of 31.5 mL packed in a glass tube of 1 cm*
cross-sectional area. The fractional void volume (€) of the bed
was estimated as 0.4 (accordingly, ¥ = 59.1). A sodium chlo-
ride/carbonate buffer solution was fed at a constant flow rate
22.5 mL/min (v° = 0.94 cm/s) to the exchanger bed which had

x Watershed > increasing A
— Slow Path @ max. A
——— Fost Path e max. XA © min. A

.-

Figure A1. Composition path grid for chloride/carbonate
buffer system with strong-base anion ex-
changer.
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been presaturated with another buffer solution of different con-
centrations of C2~ and total CO, but the same concentration of
Na* (0.05 meq/mL). The effluent history was recorded by
determining the effluent concentrations of C2™ and total CO,
with chloride and carbon-dioxide electrodes, respectively.

Composition route

The performance of such a column experiment can be pre-
dicted by using the composition path grid given in Figure Al
along with the integral coherence condition (Eq. 28). The pre-
dicted composition route is shown in Figure A2. The composi-
tions of the feed and the presaturant are denoted by points F and
P, respectively. According to the equilibrium theory, the step
change FP is resolved into two coherent waves, which can be
expressed by composition routes in the composition space. The
composition route of the slower wave lies on the slow path FI
even if it is a shock wave since this path is linear. The variation
of the eigenvalue A, along F1 reveals that this wave is indeed a
shock wave associated with an eigenvalue A,. In contrast, the
composition route of the faster wave would follow the fast path
INMP only if it were a diffuse wave. Unfortunately, this wave
turns out to be a composite wave containing a shock portion
owing to the local minimum and maximum of the eigenvalue A,
at points N and M, respectively. The shock portion should corre-
spond to a straight subroute with one end point on the path IN
and the other on the path MP. This pair of composition points
must satisfy not only the integral coherence condition (Eq. 28)
but also an equal-velocity condition requiring A, at both compo-
sitions to be equal to the shock-wave eigenvalue A,. These condi-
tions lead to a straight subroute IJ. Accordingly, the faster wave
is a composite wave consisting of a shock and a diffuse portion
represented by subroutes 1J and JP, respectively.

Effiuent history

With the eigenvalues along the overall composition route
FLJP (A, of FI, A, of 1J, and \, along JP) as well as the values of
v and v°, the wave velocities were calculated with Egs. 25 and

~—— Slow Path
——— Fast Path

—+ Route
> Exp. Result

1.25

1.00<

0 .25 50 75 1.00 .28
Sco;

Figure A2. Composition route for column experiment of
chloride/carbonate buffer system with
strong-base anion exchanger.
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Figure A3. Predicted and observed effluent histories for
column experiment of chloride/carbonate
buffer system with strong-base anion ex-
changer.

26, and then the effluent history was predicted as shown in Fig-
ure A3. For comparison, the observed effluent history is
included in Figure A3 and the corresponding composition points
are marked in Figure A2. These figures demonstrate that the
equilibrium theory provides a good prediction of the wave veloci-
ties and the composition (I) of the intermediate zone. The dissi-
pation of the slower wave (FI) as evident in Figure A3 may be
attributed to nonequilibrium since the flow rate here is relatively
high with respect to the ion-exchange rate on the Amberlite
TR A-400 resin beads of 16-50 mesh.

Notation

A; = species i
¢ = reference concentration of solution phase, mmol/ml
¢ = reference concentration of exchanger phase, mmol/ml
¢; = concentration of species # in solution, mmol/ml
¢; = concentration of species i in exchanger, mmol/ml
D — square matrix defined in Eqs. 33
E = square matrix defined in Egs. 33
F - Jacobian matrix associated with sorption equilibria in terms of
species concentrations
/. = function of solution-phase concentrations to specify sorption
equilibria
G = Jacobian matrix associated with sorption equilibria in terms of
sorbable-moiety concentrations
2. — function of exchanger-phase concentrations to specify sorption
equilibria
I = identity matrix
K, = normalized equilibrium constant for reaction £ in solution
K, = normalized equilibrium constant for reaction £ in exchanger
m = number of moieties in solution
7 = number of moieties in exchanger
M = number of sorbable moieties
n = number of species in solution
n = number of species in exchanger
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A = number of sorbable species
qi = normalized concentration of sorbable moiety k in exchanger
R; = normalized reaction term (generation) of species 7 in solution
R, = normalized reaction term (generation) of species i in exchanger
r, = normalized concentration of nonsorbable moiety & in solution
7, = normalized concentration of fixed moiety k in exchanger
S, = moiety k, conserved with respect to reactions
s, = normalized concentration of sorbable moiety & in solution
t = time, s
v° = bulk-flow velocity of solution, cm/s
vy, = wave velocity in terms of solution-phase concentration of moiety
k,cm/s
v, = wave velocity in terms of solution-phase concentration of species
i,cm/s
vaq = shock wave velocity in terms of concentration of moiety k, cm/s
vay = shock wave velocity in terms of concentration of species i, cm/s
x; = normalized concentration of species i in solution, x;, = ¢;/c
y; = normalized concentration of species i in exchanger, y,==¢,/¢
z = distance from column entry, cm
z; = valence of species i in solution
z; = valence of species i in exchanger

Greek letters

a;; = separation factor of counterion / relative to counterion j
v = ratio of reference concentrations with adjustment of volume
bases, v == (1 — €)c/(ec)
A = difference across a shock wave
8y = Kronecker delta, 6, = 1 if k = k, 8,; = O otherwise
¢ = fractional void volume of column
A = eigenvalue for coherent shock wave
X = eigenvalue for coherent wave
uy; = reaction-coupling factor of species i with respect to moiety k in
solution
i = reaction-coupling factor of species i with respect to moiety k in
exchanger
vy = stoichiometric coefficient of species i for reaction € in solution
¥y = stoichiometric coefficient of species i for reaction £ in exchanger
w = charge sign of coions and fixed ionic groups

Subscripts

i, j = species index
h.,k = moiety index
2 = reaction index
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